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Abstract

An elastic-plastic thermal stress analysis was carried out on an orthotropic aluminum metal matrix composite disc
with a hole by using an analytical solution. The thermal load distribution was chosen to vary parabolically from inner
surface to outer surface. An aluminum composite disc reinforced curvilinearly by steel fibers was produced under hy-
draulic press. The mechanical properties of the composite disc were obtained from experiments by using strain gauges.
A computer program was developed to calculate the thermal stresses under a parabolic temperature from inner surface
to outer surface. The material was assumed to be non-linear hardening. The elastic-plastic solution was performed for
the plastic region expanded around the inner surface by an analytical method. The magnitude of the tangential stress
component for elastic and elastic-plastic was higher than the magnitude of the radial stress component. Besides, the
tangential stress component was compressive on the inner surface and tensile on the outer surface. The magnitude of
the tangential residual stress component was the highest on the inner surface of the composite disc. The plastic region

began at the inner surface of disc.
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1. Introduction

Aluminum composite discs are more commonly
preferred in engineering applications such as fly
wheels, shrink fits and turbines. In recent times, the
proportion of the specific strength to weight has been
expected to be higher. Load-carrying capacities of
reinforced discs are higher than those of isotropic
steel discs with the same geometry. Furthermore, the
reinforced discs weigh less than the others. As a result,
aluminum composite discs are gaining in popularity.

Analytic solutions for the stress analysis in curvi-
linearly orthotropic discs and cylinders under differ-
ent conditions can be found in many books [1-3].
Stanley and Garroch [4] developed a new test method
for the composite discs reinforced by molded fiber
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and obtained thermoelastic data from fiber-reinforced
orthotropic disc in this study to find the values of the
orientation tensor. Karakuzu and Sayman [5] used the
finite-element method and made an elasto-plastic
stress analysis in the orthotropic rotating discs with
holes. In this study, a nine-node isoparametric rectan-
gular element was selected and Lagrange function
was used as interpolation function. They changed the
hole radius and loading states at different orientation
angles and thus obtained the plastic region distribu-
tions and inner stresses on the disc. You and Zhang
[6] defined with a polynomial function the relation-
ship between stress and strain for the discs made from
hardening material. They derived from the von Mises
yield criterion the primary equation of the discs under
plane stress, fixed thickness and fixed density, and
they described the relationship between stress and
strain. Stanley and Singh and Ray [7] determined the
creep on an orthotropic aluminum silicon carbide
composite rotating disc according to the Tsai-Hill



G. Altan et al. / Journal of Mechanical Science and Technology 22 (2008) 2318~2327 2319

yield criterion. The results obtained from this study
were compared with the ones from the von Mises
yield criterion used for isotropic composites. Sayman
[8] used an analytical method to investigate thermoe-
lastic stress analysis on an orthotropic composite disc
with aluminum metal matrix. Callioglu et al. [9] stud-
ied stress analysis analytically on a circular
orthotropic rotating disc under mechanic and thermal
load. They obtained the solutions under parabolic
temperatures along a radial section from the inner
surface of the disc to the outer surface. They com-
pared these results with the results of another Cal-
lioglu’s [10] study. In this study, he studied a stress
analysis on a rotating hallow disc made of rectilinear
glass-fiber epoxy prepreg under thermal loading that
is varying parabolically from inner surface to outer
surface along the radial section. Garroch and Stanley
[11] applied the test method that they developed to a
composite disc. They obtained thermo elastic data
from the center of a fiber-reinforced orthotropic disc
under pressure along its diameter for a disc orienta-
tion. Bektas et al. [12] applied the elastic-plastic stress
analysis on a curvilinear steel fiber reinforced alumi-
num composite disc with an aluminum metal matrix
under internal pressure loads. To obtain the plastic
stresses, they used an analytical method that Bektas
and Sayman had already developed in their earlier
studies [13]. Sayer et al. [14] manufactured a low
density thermoplastic composite disc reinforced with
E-glass fibers and obtained thermo-elastic stresses
under uniform and linear temperature distribution.

In the present work, aluminum composite discs re-
inforced by steel fibers were produced and their me-
chanical properties were calculated through experi-
ments. Elastic-plastic stress analysis of the composite
disc under parabolic temperature distribution was
made analytically by using the Fortran computer pro-
gram. The detailed results of this study and informa-
tion are given by Altan [15]. A summary of that in-
formation is presented in this study along with the
results. Elastic, elastic-plastic and residual thermal
stress distributions were obtained analytically from
inner surface to outer surface along the radial section
and they were presented in tables and figures.

2. Production of the aluminum composite disc

Aluminum matrix was reinforced by the steel fibers
of a circular form [15]. The composite disc was
manufactured in two steps. In the preparation stage,

moulds and materials to make up the disc were pre-
pared. As seen in Fig. 1, a mould was prepared with
an internal diameter of 160 mm. As the material of
matrix, aluminum plates of a circular form were used.
As the fiber material, steel wire was used. Circular
form was given to the steel wire in such a way as to
create circles ranging from 40 mm to 155 mm in di-
ameter. As seen in Fig. 1, steel fibers of a circular
form were placed on the aluminum plates and brought
to the stage of composite disc manufacture.

Composite disc manufacture was carried out under
pressure by means of a hydraulic press. The plates
into which resistance was placed to heat the materials
that would make up the aluminium composite disc
were mounted on the lower and upper platform of the
press. Pressure was applied to the aluminum plates
and steel fibers heated by the plates with lower and
upper resistance. The moulds were heated up to 550
°C with the use of electrical resistances in the course
of manufacture and 30 MPa pressure was applied
with the press on them for 10 minutes. Under these
circumstances, aluminum plates were amalgamated
and made up the matrix of the manufactured compos-
ite disc. The steel wires within the aluminum matrix
made up the fibers of the manufactured composite
disc.

3. Mechanical properties of composite material

Mechanical properties of the composite material
were obtained by strain gauges and Instron test ma-
chine. Elasticity modulus perpendicular to fibers,
namely radial elasticity modulus, was defined as (E,) .
As seen in Fig. 2, two strain gauges were placed in
the direction of the loading axis, namely, in the radial
direction, and in a perpendicular direction to loading
axis, namely, in the tangential direction. Radial elas-
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Fig. 1. A schematic view of composite disc manufacturing
[15].
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Fig. 3. (a) Composite disc, (b) Aluminum disc.

ticity modulus (E,) and Poisson’s ratio v,y were de-
termined from the average deformations both in radial
direction and tangential direction.

Elasticity modulus in the direction of material’s re-
inforcement was defined as the tangential elasticity
modulus (Eg). To determine the tangential elasticity
modulus, a circular aluminum disc on which strain-
gauges were placed as seen in Fig. 3 was placed in the
composite disc. After the process of placing, some
contraction was observed in the aluminum disc. Stress
components that occurred on the aluminum disc be-

cause of the external pressure are shown in Eq. (1) [2].

0,=0,=-p (1)

External pressure on the aluminum disc was found
as p= -2.5 MPa with a view to the equation of radial
and tangential stress.

Distribution of stress in a hollow disc exposed to
uniform pressure on internal and external surfaces is
shown in Fig. 4. The p and q stand for the values of

Fig. 4. Composite disc exposed to uniform internal and exter-
nal pressures.

uniform internal and external pressures, while a and b
represent the internal and external radius of the disc.
The stresses consequent upon it are given below by
using Ref [1].

External pressure that occurs on the aluminum disc
affects the composite disc from the inner surface of it
as the internal p pressure with a uniform distribution.
As no external pressure affects the composite disc,
q=0 is accepted. The radial and tangential stresses that
occur in this case are calculated with the use of (k) in

Egs. (4)-(5).

k+1 2k
pc pr-1
0, = 1-c* pH @
pkckﬂ p2k+1
%= )
where
a r E, v
c=—, p=— (1, c<p<l), KF="L="00
b P b ( < P ) E v,

Radial and tangential stresses may also be found by
the strains measured over the composite disc. Stress-
strain correlation for orthotropic materials by using
the Ref [16] can be obtained in the following way:

2
_p & +v. kg,

r (4)
1-v2 i’
EV,+E
o,=Ek> 0 "0 %)
’ 1-v2 i’

The value of (k) was found as 1.12 by equalization
of these two tangential stress components (Eq. (3) and
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Fig. 5. Shear specimen.
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Fig. 6. Specimens for (a) X and (b) Y yield strengths.

Eq. (5)). As a result of this, Eq and vg, were found as
89500 MPa and 0.28, respectively.

As seen in Fig. 5, fiber directions of the shear
specimen have a 45° angle. Shear modulus (Gg,) was
determined approximately by the test specimen [17].

Yield strength of the composite material in the di-
rection of fiber was shown with (X), and the yield
strength of the composite material (Y) that occurred
on an axis perpendicular to fiber direction. In Fig. 6,
the specimens in the direction of fiber and perpen-
dicular to fiber direction are shown. (X) and (Y) yield
strengths were found as 97 MPa and 36 MPa, respec-
tively, by means of the Instron testing machine.

Shear yield strength (S) was measured by the
Tosipescu test method. The loading apparatus used in
the Tosipescu test method is shown in Fig. 7. By

Table 1. Mechanical properties of aluminum composite disc.

Eo | E | Gor X|y|s |k o | o
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Fig. 7. losipescu loading apparatus.

means of the losipescu loading apparatus, a pure
shear load with no contortion takes place between the
notches of the specimen. Shear yield strength is calcu-
lated by using the maximum shear load that takes
place on the loading apparatus.

§ = Lo (6)

tc

Thermal expansion coefficients were found by us-
ing micro mechanic models and considering the prop-
erty of the material [17]. Mechanic properties of the
composite disc manufactured are given in Table 1.

4. Elastic solution

The strain-stress correlation that takes place on an
orthotropic composite disc under the influence of
temperature can be written as follows:

gr = arr O-r + aré’ 0-6’ + ar T (7)

£,=a,0, +a,0,+a,T ®)

Here o, and o4 are thermal expansion coefficients
in the radial and tangential directions. Constants of
the a,,, a,p and agy elasticity matrix are as follows:

1 1 v v,
_ _ _. __Ve _ r
Agg = a, = E and Qg =0y, =~ Er - EH

b
o ’ -

If the stress distribution is, as seen in Fig. 4, sym-
metrical to an axis that passes from 0 and that is per-
pendicular to x-y plane, stress components cannot be
dependent on ‘0’ and become the functions of ‘r’ only.
Because of the symmetry, the value of T,y shear stress
is equal to zero. The equilibrium equation for the
plane stress case can be written as follows:
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do,
r

r

+0,-0,=0 ©)

Stress components as in Eq. (10), obtained from an
F stress function, secure the equilibrium equation in
Eq. (9).

o;:E and agzd—F (10)
r dr

sr:@ and e[,:z (11)
dr r

and the relation between strains can be written as
follows:

d
£ = E(r.gg) (12)

Accordingly, Egs. (7)-(9) can be written as follows:

g (13)
dr r dr
Yo v, (14)
r r dr

If these equations are put in their place in the com-
patibility equation Eq. (12), the differential equation
of the F stress function is found as follows.

oL E
Considering k* = 4y _ Lo ;
a[%} Er
I’ZF"+rF'—k2F:(a"_ag)Tr—a‘?T,,2 (15)
Ao Ay

As seen in Fig. 8, to find the distribution of the
stresses when T=T, in the internal surface and under
temperature distribution parabolic towards the outer
surface where T=0 °C, the differential equality in Eq.
(15) is denoted for the F stress function. The stress
function F can be obtained by using the transform of
r=c.

Fig. 8. Aluminium composite disc under parabolic tempera-
ture distribution.

The relationship between parabolic temperature
and equation, and F stress function are as follows:

bz_rz
T=lp—a (16)
F=Cr+Cyr* +Kr’ + Mr W))

Here C, and C, are arbitrary integral constants and K
and M constants are as follows:

_ QBa,-a)
gy (0P =9k "
bz (ar —0(9)

and M=—r °
ag (b* —a’)(1-k") "

(18)

o, and Oy stress components can be found from F
stress function as follows:

o, =Cr' '+ Cp ™ + M+ Ki? (19)
o,=Ckr'" —=Cr™ " + M +3Kr* (20)

C; and C, arbitrary integral constants can be found
with the use of limit conditions mentioned below:

0, =0 atther=a, 0, =0 atther=>b

(@ = b+ (@ — by

¢ =M g +K B _ g 2D
2kpktl _ 2k K+l 2Upk+3 _ k437 2k

C2=Mab b~ a +K(ab a b)(22)

b —g* JECpL

Tangential and radial stress components under the
load of parabolic temperature can be found in this
way.

5. Plastic solution

Diftusion of the plastic deformation is found as a
yield criterion. The Tsai-Hill criterion is used in elas-
tic-plastic stress analysis of the composite materials
[16]. Equivalent stress in the direction of fiber accord-
ing to Tsai-Hill criterion is as follows:

ZXZ
0, =40, -0,0,+ O-'YZ (23)

If the equivalent stress is bigger than the yield
stress, elasto-plastic stress occurs. Here X and Y
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stresses indicate the yield stresses in tangential and
radial directions. Stress value in the non-linear hard-
ening plastic region is given below according to
Ludwik equation:

oc=0,+Ke¢, (24)

Here K is the plasticity constant and n is the harden-
ing exponential. 6, yield stress is equal to X. The
strain increments are as follows [18].

de =a,do, +a,,do,+de’ + o, dT 25)
de,=a,do, +a,do,+de) +o,dT

Plastic strain increments were determined from
plastic potential energy according to Prandtl-Reuss
equation for anisotropic materials [3]. Accordingly,
plastic potential energy is a scalar function of stress.

f;/' = o-cq (26)
and plastic strain increments occur according to the
flow rule.

of;
del = Yo 4z 27)
Jo,

y

dA is a constant that is equal to equivalent plastic
strain de, value. The tangential stress component is
obtained as follows from the equivalent equation.

o,=0,+r9% (28)
dr
If the oy tangential stress component, which is ob-
tained from equivalent equation, is put in its place in
the Tsai-Hill yield criterion, do, is found as follows.

2 2
r? (dd"r j tro. d;r + of% 0, (29)
r r
2
—ro. + [rPo? —4r’ X g2
r r YZ r eq
do, = — dr (30)

Plastic strain increments are obtained as follows.

_ 2 /2
:aidﬁ: O-’+20-LX 1Y de

ao, 26 i G1)
de} =aaid/1 :%dsp

o, G

P
de!

The relationship between € and €," is obtained as
follows.

drlo,(a, = a,y) +0,(a,y = ag) + &’ — 5 +T(at, = )]
—a,,rdo, —a,rdo,—rde) —o,rdl =0
(32)
Here: ¢/ =) de/ and &) =) de}

Tsai-Hill yield criterion:

XZ
20,do,-0,do, —0,do,+20,—-do,

Y (33)

= n-1
=20Kne, de,

o, and Oy stress components are found from Eq.
(28) and Eq. (30). Plastic strain increments are ob-
tained from Egs. (31)- (33).

The plastic region expands from the internal radius
of the disc to its external radius. As seen in Fig. 9,
between the radius a and radius c is the plastic region
and between the radius ¢ and radius b is the elastic
region.

The stresses that occur on the radius ¢, which
makes the elastic and plastic boundary, are found by
using the elastic radial stress component. The radial
stress component on the elastic boundary is equal to
the radial stress component on the plastic boundary.

o, =Cr' '+ Cp ™ + M+ Ki? (34)
Since the radial stress component is equal to the p
stress at the elastic-plastic boundary, then boundary

conditions are as follows.

o.=p at r=c

o, =0 at r=>

Plastic region

Elastic region

Fig. 9. Distribution of elastic and plastic regions in the com-
posite disc.
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Using these boundary conditions, we can find the
C, and G, coefficients as follows.

C :M(Ck+1_bk+l)+K(Ck+3_bk+3)_ pck+l
1 pE X b2 — 2k B2k — 2k

35)

2k pk+l g2k k+1 2kpk+3 _ k+372k

C2=MC bZk by{c +K(C bZk ch)
b™ —c b™ —c 36
pckHbZk ( )

o2k

Using the arbitrary integral constants in Eqs (35)-
(36), we can find the stress components in the elastic
region after the radius c, namely, elastic and plastic
boundary.

6. Results and discussion

In the present study, an analytical method was used
to determine the elastic-plastic thermal stresses under
the parabolic temperature distribution for non-linear
hardening material behavior. The solution of the ana-
lytical method was made by means of the Fortran
computer program. During the solution, it was as-
sumed that thermal stresses are zero at 0°C and the
material properties do not depend on the temperature
variations. According to these assumptions, radial and
tangential stress components were found in a variety
of temperature distributions such as ATy=94.6, 100,
105 and 110°C, from the inner surface of the disc to
its outer surface. Composite material is accepted as a
non-linear hardening one in the plastic region, and
elasto-plastic solution of the composite disc is ob-
tained analytically. The beginning of plastic yield was
determined according to Tsai-Hill yield criterion. It
was also determined how the plastic region expanded
from the inner surface of the disc to its outer surface.
The residual stresses were obtained from the super-
imposition of plastic and elastic stresses.

Thermal elastic-plastic stress analysis results under
the parabolic temperature distribution are given in
Table 2. The magnitude of the equivalent stress is the
highest on the inner surface. As a result, the plastic
yielding occurs first on the inner surface at 94.6°C. So,
plastic yielding starts at AT(=94.6°C from the inner
surface of the disc to its outer surface. As seen in
Table 2, diffusion of the plastic region increases with
the rise in temperature. It is seen from the table and
figures that elastic and plastic radial stress compo-

G. Altan et al. / Journal of Mechanical Science and Technology 22 (2008) 2318~2327

Table 2. Stress components at the inner and outer disc sur-
faces under parabolic temperature distribution.

Elastic Plastic Residual
Tempera- Plastic stresses stresses stresses
ture boundary  (Surfaces| ¢, | (MPa) | (MPa) | (MPa)

ATy (°C r(mm
WO} o @] @ (0] @) |0, (.
Inner | 0.000 {0.00{-97.00|0.00{-97.00{0.00( 0.00

94.6 15.0
Outer | 0.000 {0.00( 82 |0.00| 82 |0.00 0.00
Inner | 0.060 [0.00[-102.59)0.00{-97.00{0.00( 5.59

100 154
Outer | 0.000 {0.00{ 86.68 |0.00|86.87]0.00( 0.19
Inner | 0.250 {0.00[-107.72/0.00{-97.00{0.00( 10.72

105 158
Outer | 0.000 {0.00{ 91.02 |0.00|91.41]0.00{ 0.39
Inner | 0.570 {0.00[-112.8410.00|-97.000.00| 15.84

110 164
Outer | 0.000 {0.00{ 95.35|0.00|96.080.00{ 0.73

r (mm)

(@

20 25 30 35 40 45 50 55 60 65 70

-35

r (mm)

(b)

—&— Elastic —¥k— Plastic —#— Residual

Fig. 10. Tangential stress components (a), radial stress com-
ponents (b) and residual stress components for AT;=94.6°C.
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Fig. 11. Tangential stress components (a), radial stress com-
ponents (b) and residual stress components for AT,=100°C.

nents are zero in the inner and outer surfaces of the
disc. The values of tangential stress components in-
crease with the rise in temperature.

The distributions of tangential and radial stress
components along the radial section for elastic and
plastic solution at yielding temperature are shown in
Fig. 10. Since AT(=94.6°C was found as the bound-
ary of plastic yielding, the values of elastic and plastic
stresses are equal, and accordingly the values of the
residual stress components are zero. Tangential stress

100
90
80
70
60
50
40
30
20 1
10 1

s
1095 20 25 30 35
-20
-30
-40
-50 1
-60
70 1
-80
90 1
-100
-110
-120

* T T T T

45 50 55 60 65 70 75

(MPa)

r (mm)

(@)

0 * T T T T 7 T T

I 20 25 30 35 40 45 50 55 60 65 70 X75

r (mm)
(b)

—&— Elastic —¥k— Plastic —#— Residual

Fig. 12. Tangential stress components (a), radial stress com-
ponents (b) and residual stress components for AT;=105°C.

components remain as compressive around the inner
surfaces of the disc and as tensile around its outer
surfaces. Radial stress components are zero in the
inner and outer diameter boundaries and always re-
main as compressive in between them.

The distributions of the elastic, elastic-plastic and
residual stress of the tangential, and radial stress
components at AT;=100°C are depicted in Fig. 11. As
seen in Fig. 11(a), tangential residual stresses remain
as tensile in the inner part of the disc, as compressive
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Fig. 13. Tangential stress components (a), radial stress com-
ponents (b) and residual stress components for AT,=110°C.

in between its plastic boundary and middle part, and
as tensile again in its outer part. Tangential residual
stresses in the inner surface of the disc are bigger. As
seen in Fig. 11(b), radial residual stresses remain as
tensile in the inner surface of the disc and as compres-
sive in its parts after its plastic boundary. The values
are equal to zero only in the inner and outer surfaces
of the disc. For 105 and 110°C temperatures, distribu-
tions of tangential and radial elastic, elasto-plastic and
residual stress components are given in Figs. 12-13.

7. Conclusions

The following conclusions are obtained from the
thermal elastic-plastic stress analysis of a composite
disc with aluminum metal-matrix under a load of
parabolic temperature.

® The magnitude of the equivalent stress is the
highest on the inner surface. As a result, plastic
yielding first starts from the inner surface of the
composite disc.

@ With increasing temperature, the plastic region
begins to expand from the inner surface to the
outer surface.

® The magnitude of tangential stress components
is higher than that of the radial stress compo-
nents.

@ Tangential stress components are compressive
in the inner parts of the composite disc but ten-
sile in its outer parts.

@ Radial stress components are zero in the inner
and outer surfaces of the composite disc and
remain as compressive in the middle parts of it.

® Residual stress is obtained from elastic and
plastic solutions.
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